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Switched systems are an important class of hybrid systems. In recent years, such systems have drawn considerable
attentions in control field. A switched fuzzy system is a switching system, for which all subsystems are fuzzy systems.
This paper investigates the robust state estimation problem for a class of uncertain switched fuzzy systems with time-
varying delays. By using appropriate switched Lyapunov functional approach, average dwell time scheme and H_
filtering theory, delay dependent sufficient conditions for the solvability of this problem are stablished in terms of
linear matrix inequalities (LMIs). An illustrative example is provided to show the effectiveness of the proposed

theoretical results.
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1. INTRODUCTION

Switched systems are a class of sophisticated nonlinear
systems that consist of many subsystems and a
switching strategy that governs switching between the
subsystems [1]. Most of modern technological systems,
such as water quality process [3], unmanned aerial
vehicles [4] and automotive engine control [5], require
several dynamical systems to describe their behaviour
due to various environmental factors [2]. Using Takagi-
Sugeno (T-S) approach, a nonlinear system can be
represented by a set of local linear systems [6].
Switching between subsystems in switched systems can
be assumed to be fast or slow. In stabilization context,
specifying a dwell time is conservative [7]. On the
other hand, time delay is very common in real
applications because of mechanical structures, signal
transmission over the network and so on. The existence
of time delay in a system usually lead to instability or
bad performance of the system [8]. Moreover,
unknown inputs and model uncertainties are coupled in
many practical systems. H_ filtering theory is used to

solve this obstacle [9]. In [10], H_ control for

asynchronous switched systems with mode dependent
average dwell time is studied.

Lots of researches have been devoted to stability of
switched systems. Stabilization of switched linear

systems with unknown time-varying delays under
arbitrary switching signal has been investigated in [11].
Authors in [12] have studied stability of switched
systems with stable and unstable subsystems via
average dwell time approach. In [13] stability of
discrete time linear systems with a constant delay factor
is considered which render the delay-independent
results. The case of time-varying delay is addressed in
[14] that cause to delay dependent results. Delay
dependent approaches are more practical and yield less
conservative results [15]. In [16], a delay-dependent
stability criterion, based on an input-output approach
has been studied such that the interconnected system is
asymptotically stable. Moreover, there have been
several studies in the field of switched fuzzy systems.
In [17] fuzzy reliable controllers via observer switching
for uncertain time-delay switched fuzzy systems are
designed. Authors in [18] have designed state feedback
controllers for switched fuzzy systems which make the
closed loop system quadratically stable. To the best of
our knowledge, the problem of state estimation for
switched fuzzy systems, has not been considered yet,
which motivated us to study this issue.

The aim of this paper is to study robust state estimation
for uncertain time-delay switched fuzzy systems with
time-varying state-delays, under arbitrary switching
signal. The proposed approach uses switched Lyapunov
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functional method and average dwell time approach. A
numerical example demonstrate the effectiveness of the
proposed approach.

2. PROBLEM
PRELIMINARIES

STATEMENT AND

Consider the following switched fuzzy system that each
subsystem is an uncertain time-delay fuzzy system:

R, :if & isM., ...and &, is M, then
Ky = (Azrl +AAG‘|)Xk + (Awl +AA10'I)Xk—d
+(B,,+AB,)u,+G,, f, +E_d,

yk = Co‘l Xk +Cdal Xk—d +Qo‘Iuk + Do‘ldk +‘]al fk

1)

Where x, ell™ , y, ¥ and d, €' are respectively
the state, the measured output and the unknown input
that belongs to L,[0,) .
o=0(x):[0,+0) > M ={1,2,..,m} is the switching
signal. u, ™ is the control input and f,_ ™ is the
fault vector. The matrices
AI’ AHiI' BI|’ Gil' Eil’ Cil' Cdil' Qil' Dil' ‘]il are
constant with appropriate dimensions; AA,, AA;, AB,

are norm-bounded unknown matrices representing
parameter uncertainties, and are assumed to be of the

form of (5). R('T denotes the Ith fuzzy plant rule in the

oth subsystem. The global fuzzy model of the i-th
switched subsystem is represented by:

RS (A +AA)X + (Ayy + AA )X g
Hea = ;nil (fk)("‘(Bn"'ABn)uk"'Gn f(k)+ Eilko

Al Ci% +CuX._4 +Quu, +D,d
T Sl LS L
i1 +Ji fi

0<nm, (&) <L, Znil (&)=1 i=L..m
Where

M(E)=0,6)/ Y0,(6) . 0,6) = [ [M} (&)

In which M| (&) is the membership function. Since
states of the system are not often measured directly, it
is assumed that o=o(X ) where X is the filter’s
state. Assume that operation space can be partitioned
into m regions, ie. QuUQ,uU.UQ =0" and
QNO=¢,i#j. When % eQ the switching
depends on

signal is o=0o(X)=i, which

24

Vol. 9, No. 4, December 2015

Q,Q,,.,Q, . When & €O the switching signal is
subjected to:

LA Gom @A)

ﬂi(ik):{o %20

thatis, ifand only if o=o(X ) =1, s (%X )=1. Thus
the system (1) is described by [17]:

_ m N R (A| 4'AA|)Xk +(A1i| +Ap“i|)xk—d
X = ;g#i (K m (§k)|:+(B” +AB)u, +G, f +E,d, }(4)
m N c c |
Yo = ZZM(&)UH (é:k)Lr“D)-(kd-F +d\]"-x;fd +Q|Iuk:|

i=1 I=1

Consider the discrete-time switched fuzzy system that
is described by (4) in which AA,, AA,,, AB, satisfying

[AAl (k) AA; (k) AB, (k)]:HiIIEkI:C_:liI Czn CSiI]
®)
where H,, C,, C,,, C,, are constant matrices and F,

is an unknown time-varying matrix satisfying
F'F, <1 . The considered observer is as:

R = iZﬂi (R (SO (Aa X + B Yi)
6)
f, = ZZM (%), (E)(Cy X +Dg ¥i)

Where %, is the estimated state and r, is the residual
signal, Ay, By, Cy, Dy, are the filter parameters
and f(2)=W, (2)f(z) is the weighted fault with the
following minimal realization:

{ikﬂ =A% +B,f @

fk = Cuik + D(z) fk

where X, is the state of the weighted fault and
A,B,C, D, are known constant matrices.

Denotinge, =1, — fk , which r,_ is an estimate of the fk
. The augmented system can be written as:

m N

X = Zzﬂi (X )7, (fk)(Al)N(k + Aj“f(kid + E“a)k)
. ®)
& = ZZﬂi(ﬁk )77i| (gk)( Nﬂik +C kad + Ij”a)k)
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X X1 A+AA 00
X =| X e =| R An =| BuG Aqy 0
X, X 0 0 A,
X—q Ay +AA; 00
Reea =| Kig Adil = BuCa 00
Xe_q 0 00
Uy B,+AB, E,+AE, G,
Wy (dk Bn = BuQy B Dy BriiJi
f, 0 0 B,
éil =(DuC Cu —C,) édil =(DuCqy 0 0)
D, = (DuQi DuDy Dgdy—-D,)

Remark 2 [19]: For predetermined scalars y >0,
O<a<1, system (8) is exponentially stable with an
exponential H_ performance y, if it is exponentially

stable and under zero initial conditions the estimated
error g, satisfies:

> @-a)ye () < 3 r o (Sals) ©)
=

s=kqy
Lemma 1 [20]: For any matrix W €™, W =W" >0

and two positive integers r,r,, which r>r, >1, the
following inequality holds

i=n i=n i=ry

[i x(i)] w [Zr: x(i)J < Fzr: X" (DWx(i) (10)
where F =r—r,+1.

Lemma 2 [21]: For any matrices A, Q =Q" if there
exist a matrix T , following inequalities are equal:

a. ATPA-Q<0

{_Q AT T}o (11)
* P-T-T

2.1. Filter Synthesis

In this section a delay-dependent sufficient condition
on the existence of the robust filters would be given.
Theorem 1: For given scalars « >0, g >1and any
delay, d(k)satisfyingd,, <d(k)<d,,, if there exist the
positive definite matrices B, Q;, Q. Ry, R, such
that the following inequalities holds:
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_‘// dm¢2T Ry a¢2T Ry ¢3T ¢1T P, |
* -R; 0 0 0
* * -R,; 0 0 (<0 (12)
* * * —1 0
_* * * * _P” |
P S:upjll Qui S#Qljlv Qi S/“szlv (13)
R SIUleI' Rai S/Uszl
T, ST = (14)
Inl-a)

then the system (8) is exponentially stable with decay

rate B =+/(l-a)u’™ and under any switching signal

with the average dwell time T, satisfying (14) where:

d=d,—d_ +1
277 0 ]
¥ W Vs Vi 0
y=| * N 0
* * oy, 0
* * * x =2

¢ = [AI 5Hil 00 Bil:|
¢2:[(A|_I)H Ay 0 0 Bil]
¢ = [éil édil 00 Ijil:'

where

I§i| = [Bil G, Eil]

Yy =—(1-a)P +H'QuH +HTQuH —(1-a)" HTR, H,
v =1-a)"H'R,, w,=-20-a)"R,,

Wy = (L—a)™ Ry, W = L—a)™ Ry,

W =—(1-a)" Ry —(1-a)™ Ry —(1- )" Qy,

Wi =—1-a)™ Q,, —(L-a)™R,,.

Proof: First, exponential stability of the system (8)
with @, =0 is considered. Choose the following
switched Lyapunov functional
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Vi (K) =Vy (K) +Vy (K) + V3 (K),

Vy (k) =" (k)(ic;. k)P, }z(k)

kelk,k.,]

Vo (K) = . ) X' (s)A-a) [iél (K)Qy jX(S) +
=

5 xou-ar( Eawe, xo

77T (N~ a)k7n71 (Z’j: &Ry, jﬂ(n)
Va0=d, > S| L, {ff(n)(l—a)k“ J
(15)

s=—dy n=k+s

=dnn=kist g Z z [iél (k)Rznjn(n)

Where 7(n) =x(n+1)—x(n). by taking the difference
between the considered Lyapunov function for two
consecutive time instants and using lemma 1 one has:

AV, +aV, <

T — 27T 7 L A22Tp 7 .3TPp A (16)
g (KW +d3d, Ry, +d°¢0, Rud, + 6 Ridh)s (k)

where

B ) ) l//44 3 3 (17)
¢1:[Aﬂ Ay O 0]! ¢3:|:Cil Ca O OJ

Go=[ % Lk-dk) Ho K, |
Using Schur complement we have

AV, +aV, (K) <0V, (K) < (L-a) TV, (k) (18)
Using (13) and (18) we have

Voo (K) S (Q-a)™ ) Vg () (19)

Using (19) and for considered Lyapunov functional we
have

Bl <V, (k) < (@-a)p™
<(@-a)e™)™ glaw[}

(k—ko)
Vo (K,
) V)

Define f=+/(l—a)u’™ then we can obtain that
IR0 <./ BB ] where

26
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ﬂl = I'E!\An ﬂ‘min(PiI)v
ﬂz = m?'ﬂx /Imax(Pll) +d1 m%X /Imax(HTQlil H)
+d, max 4,,,, (H"QyH) +2d, (d, +1) max 4

max

(H'Z,H)
+2d, (d +1) max 2, (H'Z,,H)

From (14) we have

(1—0.’)/1]/Ta < (1_a)lu—ln(l—a)/ln# < ;I.i =15 ﬂ <1

therefore, using Remark 2, the augmented system with
w(k) = 0is exponentially stable. Like the previous

steps we have:

AV, (K)+aV, (K)+T'(k) <

T v+ dr§¢2T Ry, + a2¢2T R,
oK) T

+o R+ ¢,

21
ng(k) ey

Where
& =[% X (k-d(K) x'(k-d,) X (k-d,) @' K]
I(k) =e" (k)e(k) -y’ o’ (k)o(k)

Using Schur complement from (12), we conclude:
AV, (k) +aV, (k) +T'(k) <0 (22)

Using (22) recursively gives:

VoK) < (A=) 5V, (k) - 3 - iT) (@23)

s=ko
Now consider following performance index
1 U @-a)e (s)e(s)— 72" (s)a(s) (24)
s=ko
Using (13) and (23) we can obtain:
V, 0 (K) < @=a) ™ p" N (k) —

k-1
ZﬂN(s,k) (l_a)k—s—ll—(s)

s=ky

(25)

Under zero initial condition, from (30) one can obtain

k-1

> NP (A-a) T (s) <0 (26)

s=ky

Using N_(0,s) < S —Sind-a) from (26) we have:
T, Inu
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=
AN

(0 (- a) T (9)e(s) <

»
Il
=
3

(27)

=
AN

1-a) 0" (s)o(s)

0

=

S=

Considering k — oo gives:

S @-a)e (9)e(s) < 3 e ()(s) > I, <0 (28)
b

s=ky

therefore, for any nonzero @, €1,[0,)

S @-aye (s)e(s) < 3 72 (8)axs)
=

s=kgy

which completes the proof.

Theorem 2: For given scalars « >0, ¢ >1and any
delay, d(k) satisfying d, <d(k)<d,,, if there exist
the positive definite matrices B, Q. Q. Ry, Ry
and matrices T,;, M;;, My, such that the following
inequality holds

Q 5, E, B, &,
* Zlil _Mlil - MlTil 0 0 0
* * Zy~My =M}, 0 0 <0 (@9
* * * | 0
* * * * ES
where
P Par Ra T Ton T
Pr=l * PFuy Pai | Ti={Ta T 0
* * Py Toi T Taau
and
Q, 0 @, O 0 B,
Wy W Wi 0 d, A\Iil My,
Q= * * oy, O 0 |.& = 0
* * * Y 0 0
* * * * _},2| Els
__ En 1 [ Ea 1 _541_
dPJ“ M, an Dln Ep
g, = 0 y By = 0 ,2,=| 0
0 0 0
L B J L Es | _545_
with
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Q,, —(1-a)R,; -A-a)Ry
Q,=| * —(1-a)By -1-a)Py |
* * -(-a)Py,
Q) =-1-a)Py +Q +Q, — (- a)dm Ry

(1_a)dm Ry d.[A - I]T My,
Q.= 0 y By = 0 )
0 0
_deiT Mlil | _J[AI - I]T Mzn
B = deiTMlil v By = 0 )
_dm BiT My, ] L 0
q EiT My, DiT| D;il CiT D;n
Ezs = d_GiTMlil ) E'35 = ‘Ji-:-D-lF—iI - DvTv ) E31 = C;il
_d Bi-IeriI i L QJ D;n _CvTv
_ATlTnn +CiT B;n ATlen +CiT Bln ATTlsn
En= AFTiI Al;ril 0
A;Tsln A/Tstzn A;Tssil
Ep= [AIilTnn +C;| B;n A]nlen +an B;il A;riIT13iI ]7
BiTTuil + DiT B;il BiTleil + Di-ll— B;il BiTTlsil
Egp= Sy B GiT Tian + B\I/Tssn
EiTu +QiBh  EiTyy +Qi B, Ei T

[1]

451 = GiTTlliI + ‘]iT B;il + BvTvT

31l 7
w2 =G Tz + 33 By + BTy

[1]

P11i| _Tllil _Tl‘:[il P12i| _leil _T2T2i| P13i| _T13il _T3T1i|

By = * Poit = T _Tszn Pl _T3T2i|
* * P33i| _T33il _T3T3i|
and desired filter can be constructed by:
Au  Bg _ Tz;iT| il Tzéﬁ Bri (30)
Cu Da Cei Dy

Proof: By using lemma 2 and introducing matrices

M, M,,, T, inequality (29) is equivalent to

= dm¢2T Mlil a¢2T Mzil ¢3T
* Zlil - Mlil - MlTiI 0 0
* * Zzn - Mzil - MzTil 0
* * * —1
* * * *

4T
0
0
0

Pil _Til _TnT

27
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considering
Pu Rar PRa T Ton T

Bi=l * PFar Pai |\ Ti=| T T 0 |, one
* * Py T Tan T

can obtain inequality (29). The proof is complete.

3. SIMULATION RESULTS
Consider following discrete-time switched fuzzy
system consisting of two subsystems:

A _[0.2 —0.1} A _[0.1 o} 5 _{0.2}
10 04 101 03] * |01

E, {0'1} G :Fﬂc _[01 0] Cpy=[0 0.1]
1 03 11 16 11 dil —

an{odoll} Cu =[0.1 001] C,, =[0.01 0.01]

Cny =001 D,=11J,=114 Q,=1 £=05

_[04 01 01 0 0.2
A = B, =
01 03 02 01 0.6
Em{ ' } G“:LJC“ =[0 0.1] C,,=[0.1 0]

{ } Cu, =[0.1 0.1] C,,=[0.1 0.1]

C;»=01D,=01J,=15Q,=11¢&,=05

{01 o 1} 21{06.115 o(.)s} 821{0?625}
Eﬂ{ } Gﬁ{ ' }cﬂ:[o.z 0] Cyn=[0 0.2]

[003} C,,=[02 0.04] C,, =[0.03 0.03]

C,, =002 D,, =09 J,, =16 Q,, =09 & =

28
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_[03 01 o1 0 B - 0.2
A = 01 03 Arz = 03 01| * |07
0.2 1.4
= GZZ: (322:[0.1 0.1] C4, =[0.2 0]

22 |:
{ } C,,=[01 01]C,,=[0.1 0.1] C,, =01
=1J,,=15Q,=13 & =05

The weighted matrix of the faults is considered as
W, (z) =0.52/(z-0.5) with the minimal realization

A =05,B,=025 C, =1 D,=05 and the time-
varying delay satisfying 2<d(k) <4. Then we have
d=3. Assuming «=005 x£=105 vyields

=—(Inu/Inl-a))=0.9512. Choosing T, =2,
then £ =0.9866 <1. For y =2.4 by solving (35) filter
matrices are as follows:

~0.008 0.0101 [ -0.00075 |
C,, =[-0.039 0.0087] , D,, =0.1609

[0.0033 -0.0013 _ [-0.0089
~|-0.0013 0.0009 | "* | 0.0042

C,, =[-0.0757 0.0156] , D,, =0.2179

[0.0023 -0.055 _[-0.003
| -0.0059 0.0086| " |-0.009 ]

C,, =[-0.0747 0.0256] , D,, =0.1858

[0.0014 -0.001 _[-0.0001
~|-0001 00021] " |-0.0129]

C,,=[-0.1392 0.1001], D,, =0.1474

{0.0042 —0.0077} { 0.00008 }
1~ f1

To illustrate the effectiveness of the design, an
unknown input is assumed to be
d, =0.01exp(—0.04k)cos(0.03zk) . The control input

U, is the unit step signal. It is assumed that two faults

in different times affects each subsystems as shown in
Figure 1. The switching signal is demonstrated in
Figure 2. States of first subsystem, second subsystem
and overall system are shown respectively in Figures 3,
4 and 5.
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Fig. 3. States of the first subsystem

Vol. 9, No. 4, December 2015

15 T T T T T T T

State x1

0.5 >

0 r A h
0 20 40 60 80 100 120 140 160

Time Unit: Step

2 T T T T T T T

State x2

TR
0 e t : ¢ e r :
0 20 40 60 80 100 120 140 160
Time Unit: Step

Fig. 4. States of the second subsystem

State x1

.
0 20 40 60 80 100 120 140 160
Time Unit: Step

State x2

0 20 40 60 80 100 120 140 160
Time Unit: Step

Fig. 5. States of the overall system

It is easy to verify that in the interval of fault
occurrence, state variables are deviated and with the
end of interval, they return to their initial values. Also,
disturbance is eliminated in a large extent.

4. CONCLUSION

In this paper, the robust state estimation filter design
problem for uncertain switched fuzzy systems with
time-varying state-delays has been studied. Then using
H_ filtering, switched Lyapunov functional and an

average dwell time approach a delay dependent
sufficient condition for solvability of this problem has
been obtained in terms of LMIs, and filter matrices has
been obtained. An illustrative example verified the
effectiveness of the method to preserve stability of the
system even in the presence of the faults.
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